Chapter 2. Waveguides — Fundamentals

2.1 General Formulation

So far we have examined the propagation of electromagnetic waves in a structure
consisting of two or more metallic surfaces. This type of structure supports a transverse
electromagnetic (TEM) mode. However, if the electromagnetic characteristics of the
structure are not uniform across the structure, the mode is not a pure TEM mode but it
has a longitudinal field component.

In this chapter we consider the propagation of an electromagnetic wave in a closed
metallic structure which is infinite in one direction (z) and it has a rectangular (or
cylindrical) cross-section as illustrated in Fig. 1. While the use of this type of waveguide
Is relatively sparse these days, we shall adopt it since it provides a very convenient
mathematical foundation in the form of a set of trigonometric functions. This is an
orthogonal set of functions which may be easily manipulated. The approach is valid
whenever the transverse dimensions of the structure are comparable with the wavelength.
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Rectangular waveguide; a and b are the dimensions of the rectangular cross section. a corresponding to
the x coordinate, b to the y coordinate.

The first step in our analysis is to establish the basic assumptions of our approach:

a) The electromagnetic characteristics of the medium: u = g,u, and ¢ = g,¢, .

b) Steady state operation of the type exp( jat).

c) No sources in the pipe.

d) Propagation in the z direction -- exp(—jkzz); k, can be either real or imaginary or

complex number.

e) The conductivity (o) of the metal is assumed to be arbitrary large (o — «).
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Subject to these assumptions Maxwell's Equations may be

written in the following form
VxE =—jouH

=9
\
\
\
\
\
=
o
=

Substituting one equation into the other we obtain the wave equation

Vx(VXE)=—jou(VxH)
V(V-E)-V%E =—jou(jwsE)

2
V(VE)—VZE{Q) g

RO

VxH = jocE (2.1.1)
Vx(VxH)= jos(VxE)
V(V-H)-V?H = jos(-jouH)
2
v(© H)—vzﬁz(ﬂj q
v (2.1.2)

where v =1/,/ ue is the phase-velocity of a plane wave in the medium. Specifically, we
conclude that the z components of the electromagnetic field satisfy

2
{vzﬂ_z}g:o, {
\Y

2
VZWLC()—JHZ =0
v

(2.1.3)
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and subject to assumption (d) we have

2 2
(Vi—kf+w—2]EZ:O (vi_kjﬂ_szZ:o.

Vv Vv

As a second step, it will be shown that assuming the longitudinal components of the
electromagentic field are known, the transverse components are readily established. For
this purpose we observe that Faraday's Law reads

1 1, 1
VxE=-jouH = 8, 0, -jk,|=—jouH. (2.1.4)
E. E, E
i 1: OoE+jkE, =- jouH, jKE, + jouH, =- 0,
(i) 1,:- (O,E,+]JkE) =- JjouH, ~ -—JKE +jouH,6 = 0,E,
(i) 1,: o,E,-0,E, =- JjouH, ~ 0,E -0E, =— JjouH,.
In a similar way, Ampere's law reads
L 1, 1
VxH = jocE= |0, 0, -ijk,|= joscE, (2.1.5)
H, H, H,

75




[ >
b 7 HoHr
L

.. b a —
or explicitly
(iv) 1 oH,+JkH, = JwsE, ~ JowsE -]kH, = 0JH,
) 1,:- OH,+JkH) = ja)gEy ~ ja)gEy+jszX =— OH,
(viy 1, oH,-0H, = JwekE, ~ OH, -0 H, =  JweE,.
From equations (ii) and (iv) we obtain
JK we 1 1
: : H = : —0,E. +—o0 H
_szEx_*_Ja)IUHy:asz Y kzz—(a)/V)2|:kZ “t we Z:|
. : —> (2.1.6)
ja)é‘EX—ijHy=5sz j o E A H
= +
X kzz_(w/\/)z[ ZoX 2 ,Ll y zi|
It is convenient at this point to define the transverse wavenumber
2
kK2=2 k) (2.1.7)
Y

That as we shall shortly see, has a special physical meaning.
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;I'hls allows us to write the last two expressions in the following .
orm
£ ="MoE _ J“’“a H (2.1.8)
ki k?
H="J% e o, (2.1.9)
kJ_ kJ_
In a similar way, we use equatlons (i) and (v) and obtain
E, = sza £, +J% 5 1. (2.1.10)
k? ki
H. = Jlffa E - f(kz O.H. (2.1.11)
L
Equations (2.1.8),(2.1.10) and (2.1.9),(2.1.11) can be written in a vector form
g =_dey g J¥i vy (2.1.12)
k? k?
A o=-dey y o5 v (2.1.13)
ki k?
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Comments:
1. The wave equations for E, and H, with the corresponding boundary conditions and

the relations in ((2.1.12)--(2.1.13)) determine the electromagnetic field in the entire
space (at any time).

2. Note that the only assumption made so far was that in the z direction the
propagation is according to exp(—jkzz). No boundary conditions have been

Imposed so far.

3. Therefore it is important to note within the framework of the present notation that
TEM mode (H, =0,E, =0) is possible, provided that k, =0 or substituting in the
wave equations

V’E, =0; V’H, =0 (2.1.14)

4. By the superposition principle and the structure of ((2.1.12)--(2.1.13)), the

transverse field components may be derived from the longitudinal ones.

Complete Solution = (E, =0)and(H, #0) + (E, #0)and (H, =0)
Transverse Electric(TE) Transverse Magnetic(TM)
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2.2 Transverse Magnetic (TM) Mode [H, =0] - X

In this section our attention will be focused on a specific case where H, =0. This

step is justified by the fact that equations ((2.1.12)--(2.1.13)) are linear, therefore by
virtue of the superposition principle (e.g. circuit theory) and regarding H, and E, as

sources of the transverse field, we may turn off one and solve for the other and vice
versa. As indicated in the last comment of the previous section, the overall solution is,
obviously the superposition of the two. The boundary conditions impose that the
longitudinal electric field E, vanishes on the metallic wall therefore

. : —jk
E, =) A, sm(”—mXJsm(%nyje Fonm? (2.2.1)
n,m a
This further implies that the transverse wave vector, k , is entirely determined by the
geometry of the waveguide (substitute in (2.1.3))
2 2 2
zm n @
k? =(—j +(—J =—-k,% (2.2.2)

a b Y
From these two equations we obtain
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2 2 2
K, :i\/”2 —(”mj —(”—”j . (2.2.3)
% a b
This expression represents the dispersion equation of the electromagnetic wave in the
waveguide.

Exercise 2.1: Analyze the effect of the material characteristics on the cut-off frequency.
Exercise 2.2: What is the impact of the geometry?

Exercise 2.3: Can two different modes have the same cut-off frequency?
What is the general condition for such a degeneracy to occur?
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Comments:
a) Asymptotically (@ > k V) this dispersion relation behaves as if

no walls were presenti.e. @ =K,V.

b) There Is an angular frequency «, ,,, for which the wavenumber k, vanishes. This is
called the cutoff frequency.

— J(_mj NEISON ;J(mj {2 ees

where v =c/\/¢, 4, .

c) Below this frequency the wavenumber K, is imaginary and the wave decays or grows
exponentially in space.

4
d) The indices n and m define the mode TM, ,; m

represents the wide transverse dimension (x) whereas n
represents the narrow transverse dimension (y).

W12

We11
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2.3 Transverse Electric (TE) Mode [E, = 0]

The second possible solution according to (2.1.12)--(2.1.13) is when E, =0 and
since the derivative of the longitudinal magnetic field H, vanishes on the walls (see
(2.1.12)) we conclude that

—jk Z
H, :ZAnncos(ﬂ—mjcos(%wje Fanm? (2.3.1)
m,n , a
The expression for the transverse wavenumber k, is identical to the TM case and so is

the dispersion relation. However, note that contrary to the TM mode where if n or m
were zero the field component vanishes, in this case we may allow n=0 or m=0
without forcing a trivial solution.
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For convenience, we present next a comparison table of the =

various field components of the two modes.
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TM mode TE mode
E, =) Amsm( 77X )sm(”ny] Ko H,=>" ancos( J ( j e MK
a b mn a
_ joe(n . (zmx zny n zny
H, E, — — ...
“ZAE (5| & T e ()

= B ’”‘9( i 0 0 3 O W 9
H,=0 E, =
zny +JK, [ 7m zny
E, = — — ...
=L An k2 (a) ( a J ( ] M= 2o B k! (a jsm( )COS( b j
E -ZmnAm (in)sin( : jcos(Ty . | H,=> B +kji< (”_nJ (”mxjsin(%nyj...
2—1/2 2 -1/2
E - :ZSI']M)H . Z(TM) \/; 1_ 1:c,m,n H - - _ Eymn ,Z(TE)—\/; 1_ 1:c,m,n
X, Y, - —f X, Z(TE) < f
E mn :_ZrEwTwM) men — Evan
" | Hym = Ze

Exercise 2.4: Check all the expressions presented in the table above.
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Comments:
1. The phase velocity of the wave is the velocity an imaginary observer has to move

4.

in order to measure a constant phase i.e. wt —k,z =const.. This implies,

9 -1/2
v, =— = v{ —f—C} . (2.3.2)

. The phase velocity is always faster than v!l Specifically, in vacuum the phase

velocity of a wave is larger than c. In fact close to cutoff this velocity becomes
"infinite"!!

. The group velocity is defined from the requirement that an observer sees a constant

envelope in the case of a relatively narrow wave packet. At the continuous limit this
Is determined by

0w i2]"
Y :v{l——C} : (2.3.3)

The group velocity is alway smaller than v. Specifically, in vacuum it is always
smaller than c. It is the group velocity is responsible to information transfer.

5. When the waveguide is uniform

VoV = V2. (2.3.4)
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2.4 Power Considerations L a

2.4.1 Power Flow
Let us now consider the power associated with a specific TM mode; say

E,=A,sin (ﬂ—mxjsin (”Tr]y} e MKenn?

a

At this stage, for simplicity sake, we assume that this is the only mode in the
waveguide. Based on Poynting's theorem, the power carried by this mode is given by

P, = Rel["dx[dys (2.4.1)
mn 0 0 z,mn (" v
Explicitly the longitudinal component of the Poynting vector is
1, -« - 1 . «
Sz,m,n = E(E x H )]7 = E[EXHY - E)’Hx]m,n

:E[ZUM)‘H ‘2+Z(TM)\H ‘2}
2 g "
Above cutoff the characteristic impedance is a real number therefore the next step is to

substitute the explicit expressions for the magnetic field components and perform the
spatial integration:

(2.4.2)

m,n
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1 a bl(zmY (zn
_Z(Tl\/l) “ ¥ et e
A e
! f ]
p =l oy poe ab. 2.4,
=22, 222 2.43)

The last expressmn represents the average power carried by the specific mode.

Exercise 2.5: What is the power at any particular point in time?

Exercise 2.6: Since the two sets sin(zmx/a) and sin(zny /b) are two orthogonal sets of
functions, the total average power carried by the wave in the forward direction is a
superposition of the average power carried by each individual mode separately. In other
words show that P= )" P

m mn*

Exercise 2.7: Show that below cutoff, the power is identically zero although the field is
not zero.
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Exercise 2.8: Note that the average power is proportional to the
average magnetic energy per unit length. Calculate this quantity. Compare it with the
average electric energy per unit length.

Exercise 2.9: Calculate the energy velocity of a specific mode v, =(P)/W,,. Compare
to the group velocity. What happens if the frequency is below cutoff?

Exercise 2.10: Repeat the last exercise for a superposition of modes A, .
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2.4.2 Ohm Loss

So far it was assumed that the walls are made of an ideal metal (o — ). If this is
not the case (o) a finite amount of power is absorbed by the wall. In order to calculate
this absorbed power we firstly realize that the magnetic field is "discontinuous” which is
compensated by a surface current

J, =fixH. (2.4.4)

This current flows in a very thin layer which is assumed to be on the scale of the skin-
depth [J = J, /6] therefore, the dissipated average power per unit length is given by

11 -2
P, ‘Egj.ngdy‘J‘ , (2.4.5)
or explicitly :
1 J 1 -2 _R = 2
P,=—dls| = =——@dI|J.| =—qadl|J |, 2.4.6
° 2095 5 25(7(]5 : 2CJS S (249

where § =2/ wu,0, R, = wu, / 20 and the integration is over the circumference of
the waveguide
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2

J,

P, :%Rsc_f)dl

This is the average electromagnetic power per unit length which is converted into heat
(dissipation) due to Ohm loss. Based on Poynting's theorem we may deduce that the
spatial change in the electromagnetic power is given by

d

Z
and since in case of a single mode both P and P, are proportional to | A",
Pc|A®” and P, A (2.4.9)
we conclude that the change in the amplitude of the mode is given by
d|Af ~
L - 2a|A’ = |A@) =|Az=0)f e 724, (2.4.10)
Z

The coefficient o represents the exponential decay of the amplitude and based on the

arguments of above is given by

a= i. (2.4.11)
2P

Let us denote by k,© the wavenumber in a lossless waveguide. Subject to the
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assumption of small losses (k,” > «a) we can generalize the
solution in a waveguide with lossy walls by k, =k,© — ja.

Exercise 2.11: Based on the previous calculation of the power show that this parameter is
given by

21,3 2,3
(TM) _ 2R, 1 mzb2 —I—n28.3 (2.4.12)
,7\/1_(1:0/ f)2 b m*b*a+n’a
R, is the surface resistance. Note that «is very large close to cutoff.  Explain the
difficulty/contradiction.

a

m,n

2.4.3 Dielectric Loss
If the dielectric coefficient of the material is not ideal, in other words, it has an

imaginary component & =& — je , then the wavenumber is given by
(2.4.13)

where we assumed that (i) the dielectric loss is small and (ii) the system operates remote
from cutoff conditions [i.e. k,* > Je wlc].
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previous subsection for a TE mode. Here are the main steps and
results (g, =1andg,., =2)
—jk _z a
H,=B_ cos(ﬂ—mjcos(ﬂ—nyje Jem , P.= Re{J' dijdySZ mn},
a b 0 0 ’

. 1
S =5 (EH; ~EH;) :ZZ(TE)DEX\2+\Eﬂmn. (2.4.14)

Z,mn mn
mn

2,2 2 2 2 2
P _1 1 anz{a),u (ﬂ'nj 1a£b+a)u (ﬂmj 1a1b}

™ 2708 kK* Lb)2"2  «k* la)2"2
(2.4.15)
_E ab ‘B ‘2 a)zﬂz
8z " K

e 2R 1 (HEJ T 2+E . (f.) | miab+n’e’ (2.4.16)
mn : a )\ f al 2 f m?b? +n%a? ) [| ~
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Exercise 2.12: Check equation (2.4.16). In particular check the cases n=0 or m=0.
Repeat all the exercises from the above (TM mode) for the TE mode. Make a comparison
table where relevant.

Exercise 2.13: Note that both '™ and o™ are large close to cutoff and increase as

Jo for large frequencies. In between there is a minimum loss for an optimal
frequency. Calculate it.

Exercise 2.14: Calculate the loss very close to cutoff.
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2.5 Mode Comparison

Mode comparison for a rectangular waveguide.
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2.6 Cylindrical Waveguide

2.6.1 Transverse Magnetic (TM) Mode [H, =0]

In this section we shall investigate the propagation of a wave in a cylindrical
waveguide. The longitudinal component of the electric field satisfies
[V +KI]E, =0, (2.6.1)
2

where k? = 6()_2_ k? or explicitly
v

o° 10 1 ¢°

Pt ot 2

or° ror r°op

The solution of this equation subject to the boundary conditions E,(r = R) =0 reads

E, = Zan[ps,ngje_jkz's’”z[a,s cos(np) + B, . sin(ng) | (26.3)

where J_(u) is the n'th order Bessel function of the first kind. This function behaves
similar to a trigonometric function (sin or cos). It has zeros, denoted by p, , i.e.,

ps,n : ‘Jn(ps,n) =0.

+kf}Ez =0, (2.6.2)
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The first few zeros of the Bessel function are tabulated next.

s=1 s=2 s=3

2.405 5.52 8.654

3.832 7.016 10.174

1INl
N~ |O

n
n
n 5.135 8.417 11.62

Substituting (2.6.3) in (2.6.2) we obtain
2 2 2
82+}8+i282+ Pan E, =0
or- ror r°op R

o’ p,. ) w? P
2 _ 2 — s,n 2 _ s,n
kL=7—kZ —( - ] = K =5~ ~

thus

Vv

(2.6.4)

(2.6.5)

Based on this expression the characteristic impedance of the TM mode is given by

k .~ v

sn

n .
Q
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2.6.2 Transverse Electric (TE) Mode [E, = 0]

In this case the wave equation reads
[VI+kiIH, =0
and its solution has the form

HZ:ZJn(pSn j _J Zo [Ah cos(ng) + B, sm(nga)]

where

M. 20 = piup)=0
or |,-g ' !
The first few zeros of the derivatives of the Bessel function are
s=1 5=2 5=3
n= 3.832 7.016 | 10.174
n= 1.841 5.331 8.536
n= 3.054 6.706 9.970

thus

' 2
Z(TE) — 77 w k — (2)2 - ps,n
s,n szls,n | z,5,n Vv R

(2.6.10)



Summary

TE modes TM modes
— cosn
H, = (psn j I { = 0
sinng
c_ 0 (p J_sz cosng
z " sinng
cosn
Hr _ Jksnzpsn J (psn j Jk - » _E /ZS(JM)
Rk? sinng v
_i —-sinn
Hy= Iy (p je Jat {0 e 20
’ rk? R cosng
I<sn sn _-ksnz cosng
E = Z(®H, BLEL (p je Fat 1™
Rk ., R sinng
E — _Z(TE)H Jnksn J (p je_jksnz {_Sin n([)
¢ o Tk, UTR cosng
1/2 1/2
o [ < (2]
sn V2 R VZ R
7z @, zow _ VK
sn Vksn sn )
kJ_,sn = p;n / R pSﬂ / R
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TE modes TM modes
Power= "k" oo™ (p2 —n?)J%(pL,) nkfks”ﬂ Paldn (ko R)T
Lsn o,n 2kLsn90n
. R, [, _kiaV’ L% L R (1 KV’ -
Rpy o’ o*>  pz-n*||Rp o’
(1 n=0
1 Hold
e T\ e %07
HoH &y, 0r 2 n#0
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2.6.3 Power Considerations
According to Maxwell's Equations for a single mode we have

E, = :(kzlez, H ==, H,=-E,/Z,.

Z
L ™
Consequently, the average Poynting vector is

1/ —uy =
S, :E(EL xHY)-1,
and the average power flowing in the waveguide

P= Re{% C_S.da[li X HI]Z } - %Re{ c.s.da[ErH; ~EH ] }

2
~Lrel( dallEx |2+‘E¢‘ :LRe{_f da|:‘Er‘2+‘E¢‘2i|}
2 C.S. ZTM ZTM ZZTM c.S.

:221 Re{[ ( j\v } = EZZRe{LSda\V E,["} (2.6.11)

™

In order to further simplify the last expression Iet us examine the wave equation:
(Vi +ki)E, =0 (2.6.12)
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we multiply by the complex conjugate of E,
E, (V2 +Kk2)E, =0 (2.6.13)

and integrate over the entire cross section
A, [da| E;VIE, +KZ[E, [ |= 0

A, [da| V. (E;V.E,)-[V.E[ +K[E[ |=0 (2.6.14)
The first term in the integrand is zero since
[dav, [E;V E,|=[d7 -[EV,E,|=0
hence
[dalv E,[ =K [dalE,[" (2.6.15)

Now back to the propagating power for a superposition of modes starting from the
expression for a single mode we get
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| 1
The integration over the angle is straight forward
n=0

2
decos(ng)cos(n'p) =279,0, . » 9, =
|, dgcos(ng)cos(n'y) =279,5,, . g 40

N|— -

and after integration over r we get

1 kZSI’l R2
P =273, Gy oty A 9101 | 6,

where we used

R r ry R°r., 2
jo drrJn(pn,S EjJn(pn,s.Ej:7[Jn(pn,s)] S, (2.6.16)
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In the case of a single mode we have

(1 2\ Jé(pn,s)2 a)_z_ pfls
Ps’”_(ﬁRAS’” j(VRjﬂg{ P }Re[ \V R J (26.17)

Note that there is power flow only if the wave is above cutoff and as in the rectangular
case, the the total power is the superposition of the power in each mode separately

Exercise 2.15: Calculate the average energy per unit length stored in the
electromagnetic field.
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2.6.4 Ohm Loss
Now to the general expression for the losses. Starting from the dissipated power

2
—_ Rs Er,ns
PD'S’n a 7 bound Z(TM)

ns

g, 1 1
J§>2dz-§Rscﬁ\H¢\2dz_§R5<j> dr

, 2
— 1 RS 2k2R2 \]n(pns) ZﬂRgn‘Ath‘z
Z‘Rzg“") Prs

1R (o Y[ (p) ] )
= * 1 —R 2R R 2.6.18
Z‘UR‘Z(V H . } 7Rg, |AR (2.6.18)

which finally entails for a single mode

\'
o™ = EE(LJ (2.6.19)
Rnpl Vv

Exercise 2.16: Check Eqg. (2.6.19).

Exercise 2.17: Calculate agE).

Exercise 2.18: Calculate the exponential decay due to dielectric loss.
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Wave Type

™,

™,

™,

Field distribution
in cross-sectional
plane, at plane of
maximum
transverse fields

Field distribution iy
along guide ; == =
Field components | E,,E ,H, E, E.H, E, E.,E,,H ,H, | H,H E H,,H,H,E E,
present

por p' 2.405 5.52 3.83 3.83 1.84

(k.) 2.405 5.52 3.83 3.83 1.84

a a a a a
(4) 2.61x 1.14« 1.64c 1.64c 3.41x
(f.) 0.383 0.877 0.609 0.609 0.293
oA UE O UE oA UE O UE oA UE

Attenuation dueto | R, 1 R, 1 R, 1 R, (f./f) R, 1
imperfect a ho 2 | aq h_ 2 | h_ 2 | > | o h 2
o ctors 21— (f. /) 21— (f. /) L= (F 1) | ey 1 (F. 1 f) 21— (f. /)
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2.7 Pulse Propagation
Let us consider an azimuthally symmetric TM mode described by

E (r,2,t) = iJO(pS %)_[:da)exp[ja)t—l“sz]gs () (2.7.1)

wherein I'? = p? / R* -’ / ¢* and &, (w) is the Fourier transform of this field component
at z=0
1 R [ r 1 ® ! M 4 4 !
E(0)=— _[ dr r\]o(pS —j—_[ dt’exp(—jet’)E,(r',z=0,t"). (2.7.2)
R 2 0 R 27[ ®
2"]1 (ps)
Let us now calculate the energy associated with the radiation field as it propagates in

an empty waveguide. The transverse field components are

E (r,z,t)= ijl( P, %)%Iidwexp( jort —Fsz) EL _
s=1

()]
1“§+C2
o~ r\p, = : 1 jo &
H (r,z,t)—z\]1 P, — —SJ' dwexp( jot-T'z) ) ~ (2.7.3)
4 s=1 R R —®© /LlO C 2 [0
I's+—
C

therefore, the z-component of the Poynting vector is
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e}

S,(r,z,t) =+ ZJ{ P, %j_[ida)exp(ja)t—l“S )5 (a))(r Ej

L s=1 ps

v

x4 ipl( D, %j |~ doexp( th—FG(Q)z)SU(Q)— jgi}. (2.7.4)

\ Tlo CPp,
Using the orthogonality of Bessel functions

IoRd”Jl(ps %)Jl(pa Lj R 1 (P35, (2.7.5)

the power propagating is

P(z,t) = ZﬁZ—J (p,) {I dwexp( jot—Tz)&, (co)[ Rj}

Ps

x{fwdQexp(th—Fsz)é’s(Q) L (jQ R j} (2.7.6)
— Tlo

cp,
and the energy associated with this power
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W, (z) = j_";dtp(z,t)

= (zﬂ)i% 32(p,)[dwé, (@)exp[ T (0)2][dQE (Q)exp[ T, (Q)7]

V1l o 1 (2.7.7)
r == jER= [ dtexp[ j(o+ ]
x( () psj%EJ - pjjw pi(w+Q)t]
With the definition of the Dirac delta function 6(Q2 + @) Ezij.dtej(aﬁﬂ)t we have
T
) R2 o
W, (2) = (2%)227J12(ps) | do & ()¢ (-0)exp{-2[ T (@) +T(-0)]}
s=1
(2.7.8)

{2 e
p, Jm ¢ p)

For proceeding it is important to emphasize two features: since the field components are
real functions, it is evident that the integrand ought to satisfy F(-w)=F (w).
Consequently

£,(-0) = & (o) (2.7.9)
and

I (-0) =T, (o). (2.7.10)
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This last conclusion implies that if the frequency is below cut-off (|w|< p,c/R) then

Iy (o) =|T,()| (2.7.11)
whereas if |o[> cp, / R
M (-0)=—j|T, (@)} (2.7.12)
With these observations we conclude that
27)° & R? cpg/R -2 (0)z
vvR(z):(n) ; Jf(pnge{jo do| (@) e n(e)
o (2.7.13)
{—J”R 'Fs(‘”)'RH" dwws(wn{”R 'FS(“’)'R}}.
Cps ps CpS/R Cps ps

Clearly the first integrand is pure imaginary therefore, its contribution is identically
zero and as a result, in the lossless case considered here, the energy associated with the
propagating signal does not change as a function of the location

@) R g2 o0 | @R [T, (@) IR
W= 22 del &) TR

(2.7.14)
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Comments:

1. Only the propagating components contribute to the radiated energy.

2. The non-propagating components are confined to the close vicinity of the input
(where initial conditions were defined).

3. If all the spectrum is confined to the region 0<w< p,c/R, no energy will
propagate.

4. Since the waveguide Is lossless, the propagating energy does not change as a
function of z.

Exercise 2.19: Calculate the electromagnetic energy per unit length. Compare with
(2.7.14).

Let us now simplify the discussion and focus on a source which excites only the first
mode (s=1) i.e,, E,(r,z=0,t) = J,(p, r'R)E,(t) therefore according to Eq.(2.7.2) we get

— 1 R r r 1 = ' —ja)t, '
& (o) = R? 12 D‘O drr‘]o(psﬁj‘]o(plﬁj}gj‘wdt € E, (1)
o NP (2.7.15)
O 4

27

© L —jot'c .,
Cdre I E (1)
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As an example, consider a signal starting from t=0 ramping up and oscillating
and decaying

. t ) QT?
E.(t)=E,sin(Qt)exp| —— |h(t)= E(w) =—=2E 2.7.16
o(t) = Epsin(€1) p( Tj )=&@=5, 01+2ja)T+T2(QZ—a)2)( )
Substituting in Eqg.(2.7.14)
2 QT )N oo’ —af
W = 12E§R{M}I do ( >( : 1) (2.7.17)
7oC Po ]I 14T (07— o) |+ (20T )

Normalizing to the cutoff frequency, u=w/w, as well as Q=Q/w,, T =Tw, the last
integral simplifies to read
uvu? -1

2
W = g, E2Re S (P) O*[du

— - — (2.7.18)
P, TR [ AT
Its numerical analysis reveals that
2 _. |1 Q<1
W~ g BRI P T g2 1 22< (2.7.19)
p, 4 T Q>1

Exercise 2.20: Compare with the dependence of the propagating energy in the frequency
Q when the signal prescribed by Eq.(2.7.16) propagates in free space.
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